Integrable Chain Model with Additional Staggered Model Parameter by Arnaudon, Daniel et al.
Integrable Chain Model with Additional Staggered
Model Parameter
D. Arnaudon1, R. Poghossian2, A. Sedrakyan3, P. Sorba4
Laboratoire d'Annecy-Le-Vieux de Physique Theorique LAPTH5
Abstract
The generalization of the Yang-Baxter equations (YBE) in the presence of Z2 grading
along both chain and time directions is presented. An integrable model, based on the
XXZ Heisenberg chain with staggered inhomogeneity of some additional model parame-
ter, is constructed.
In the simple case of XX model the local Hamiltonian is calculated in the fermionic
formulation. Integrable boundary terms are found.
It is obvious from the construction that, in the case of the generalization of the XXZ
model, the resulting bulk Hamiltonian has a ladder form. This construction can be applied
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1 Introduction
The construction of integrable chain models with inhomogeneous model parameters is very
important in many aspects. Besides its own interest in mathematical physics, its possible
applications in the problems of condensed matter physics is hard to miss-estimate. Even
more, we believe that in order to proceed further in the non-critical string theory and
cross the so called c = 1 [1] barrier, it is necessary to consider strongly correlated elds
on a line, instead of the free eld degrees of freedom on the world sheet of the string (as
in d  1 case) .
The crucial problem for strings in d  1 is the problem of the tachyon, which means
a non-trivial structure of the ground state. Therefore, the investigation of strongly corre-
lated chain systems, which can be considered on a fluctuating line, is actual.
In this sense, in order to be able to take into account non-trivial ground state cor-
rectly, it is straightforward to consider an integrable 2d model on a fluctuating surface.
One attractive possibility is the consideration of inhomogeneously shifted spectral param-
eters in R-matrices along a chain. It is tempting to consider rst the case of staggered
inhomogeneity.
An interesting model of hopping fermions in the Manhattan lattice, where the hopping
parameters are staggered in both time and chain directions, appeared in connection with
three dimensional Ising Model [2, 3]. In a particular case of hopping parameters, this
produces a N  N numerical transfer matrix [4] in connection with edge excitations in
the Hall eect.
Since the pioneering work of H. Bethe [5] and the essential input made by C. Yang
[6], the theory of 2d-integrable models is well developed presently and has its formula-
tion in technique, called Algebraic Bethe Ansatz (ABA) (or Quantum Inverse Scattering
Method(QISM)) [7, 8].
The basic element of this method is the matrix Rij(; u) ( is the model parameter and
u is the spectral parameter), the product of which along a chain denes the monodromy
matrix T (; u) as follows




The trace of T (; u) over states along the chain denes the transfer matrix (; u), the
L’s power of which (L is the lattice size in time direction) is the partition function of the
model.
When any two transfer matrices of the model with dierent spectral parameters com-
mute then we have an innite number of conservation currents, which causes the integrabil-
ity. The sucient condition of commutativity of the transfer matrices is the Yang-Baxter
equation (YBE) for the R-matrix, any solution of which denes an integrable model.
Usually the integrable models under consideration are homogeneous along a chain,
namely, the spectral parameters  in the product (1) are equal. There were attempts to
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construct inhomogeneous models, for example we can mention the successful attempt in
the article [9] of the model with alternating spin-1
2
, spin-1 chain, but the main problem
here is to obtain a local Hamiltonian (local conservation laws). It is obvious that, with
the shift of the spectral parameter u in the product of R0j(; u) matrices at the site j
by arbitrary values zj , we still fulll the YBE (and hence the commutativity of transfer
matrices). However the Hamiltonian of the model, and the other conservation quantities,
will not be local.
The aim of the present article is to construct an integrable model with commuting
transfer matrices for dierent spectral parameters, where the R-matrices in the product
(1) have staggered shift of the spectral parameter u by two dierent values, and where
the Hamiltonian (and the other conservation laws) is local. This shift of the spectral
parameter produces an additional model parameter .
We have generalized the YBE for that purpose in order to ensure the commutativity
of the transfer matrices and demonstrate that they do have a solution in a case when the
basic R-matrix is the one of the integrable XXZ-model.
In Section 2 the generalized YBE is formulated and the solution is found for the basic
XXZ-model.
In Section 3 we demonstrate that the Hamiltonian is local and calculate it for the
simplest case of XX (free fermionic) model. We have obtained here two independent
sets of fermions, hopping only at the odd or even sites. The calculations show that in
a non-simple case (for example for the XXZ-model), the resulting Hamiltonian has a
ladder form. Hence, this method provides a way of construction of the integrable ladder
models.
In the Section 4 the open chain problem is considered and integrable reflection K-
matrices are found for the staggered XX-model. We also write the corresponding bound-
ary terms in the Hamiltonian.
We think that our approach for the construction of integrable models with additional
staggered model parameter is quite general and can be applied to other integrable homo-
geneous models.
2 The denition of the YBE for the staggered model
and its solution for the XXZ chain
The key of integrability of the models is the YBE, which implies some restrictions on
the Rij(; u)-matrix, basic constituent of the monodromy matrix (1). The YBE ensures
a local sucient condition for the commutativity of the transfer-matrices (u) = trT (u)
at dierent values of the spectral parameter u, which corresponds to the rapidity of
pseudoparticles of the model
[ (u) ;  (v)] = 0: (2)
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We use in the future the fermionization technique (alternative to Jordan-Wigner trans-
formation), developed in [10, 11, 12] (see also [13]) and work with the R-operators (rather
than matrices), expressed in Fermi-elds ci, c
+
i , (i = 1; ::::N is the chain site).
By denition Raj acts as a intertwining operator on the space of direct product of the
so called auxiliary Va (v) and quantum Vj (u) spaces
Raj (u; v) : Va(u)⊗ Vj(v) ! Vj(v)⊗ Va(u) (3)






Figure 1: Raj matrix
The spaces Va(u) and Vj(v) with spectral parameters u and v are irreducible represen-
tations of the ane quantum group Uqbg; which is the symmetry group of the integrable
model under consideration. Provided that the states j ai 2 Va and j ji 2 Vj form a basis
for the spaces Va and Vj, following [10] we can represent the action of the operator Raj as
Raj j j1i⊗ j a1i = (Raj)a2j2a1j1 j a2i⊗ j j2i; (4)
where the summation is over the repeating indices a2 and j2 (but not over a1 and j1).
By introducing the Hubbard operators
Xa1a2 =j a2iha1 j; Xj1j2 =j j2ihj1 j (5)
in the graded spaces Va and Vj correspondingly, one can rewrite (4) as
Raj = Raj j j1i j a1iha1 j hj1 j = (Raj)a2j2a1j1 j a2i j j2iha1 j hj1 j





where the sign factor takes into account the possible grading of the states j aii and j jii;
p(ai) and p(ji) denote the corresponding parities and the summation over the repeating
indices.
In terms of operators Rij the matrix valued YBE can be written in the following
operator form
Rab(u; v)Raj(u; w)Rbj(v; w) = Rbj(v; w)Raj(u; w)Rab(u; v): (7)
We use for V0 and Vj the Fock space of the Fermi elds
6 ci, c
+
i with basis vectors j0ii









we have a fermionization of the model, which is equivalent to Jordan-Wigner transforma-
tion.
In case of XXZ model, the fermionic expression of the operator Rij(u) is easy to
obtain by use of formulas (6) and (8), and the standard expression for the Rb
0a0
ba (u). As a
result one obtains
Rjk(u) = a(u) [−njnk + (1− nj)(1− nk)] + b(u) [nj(1− nk) + (1− nj)nk]
+ c(u)






Let us now consider Z2 graded quantum Vj;(v) and auxiliary Va;(u) spaces, ;  = 0; 1.
In this case we will have 4 4 R-matrices, which act on the direct product of the spaces
Va;(u) and Vj;(v), (;  = 0; 1), mapping them on the intertwined direct product of
Va;(u) and Vj;(v) with the complementary  = (1− ),  = (1− ) indices
Raj; (u; v) : Va;(u)⊗ Vj;(v) ! Vj;(v)⊗ Va;(u): (10)
It is convenient to introduce two transmutation operations 1 and 2 with the property
21 = 
2
2 = id for the quantum and auxiliary spaces correspondingly, and to mark the
operators Raj; as follows
Raj;00  Raj ; Raj;01  R1aj ;
Raj;10  R2aj ; Raj;11  R12aj : (11)
The introduction of the Z2 grading in quantum space means, that we have now two
monodromy matrices T;  = 0; 1, which act on the space V =
QN




T : V ! V;  = 0; 1: (12)
6if the dimensions of the spases V0 and Vj are more than two, then one can use Fock spaces of more
fermions, see [11]
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It is clear now, that the monodromy matrix of the model, which should dene the
partition function, is the product of two monodromy matrices
T (; u) = T0(; u)T1(; u): (13)
Now, because of the grading in the auxiliary space, we would like to construct the
monodromy matrices T0;1 as a staggered product of the Raj and R
2














where the notation R in general means the dierent parametrization of the R-matrix via
models  and u parameters.
Graphically the formulas (14) can be expressed as in gure 2.
In order to have a integrable model with commuting transfer matrices (13) for dierent
spectral parameters
[trT (; u); trT (; v)] = 0 (15)
it is enough to have the following relations for the (u) = trT(; u); ( = 0; 1)
(; u)1−(; v) = (; v)1−(; u);  = 0; 1 (16)
It is not hard to see, that in order to ensure the commutativity condition (15) the




a;j(; u)Rb;j(; v) = R
1
b;j(; v)








a;j+1(; u)Rab(u; v): (18)
By inserting the expression (9) for the R-operator into (17) one can obtain 20 equations
on parameters a, b, c and a, b, c, which after dening the transposition operation 1 and
 as
a1(u) = a(u); b1(u) = −b(u); c1 = c(u)
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Figure 2: Monodromy matrices T0 and T1
are reducing to following three equations
a(u; v)c(u)a(v) = c(u; v)a(u)c(v) + b(u; v)c(u)b(v);
b(u; v)a(u)c(v) + c(u; v)c(u)b(v) = a(u; v)b(u)c(v);
c(u; v)b(u)a(v) = b(u; v)c(u)c(v) + c(u; v)a(u)b(v): (20)
It is easy to recognize in equations (20) the ordinary YBE for the XXZ model, where
we suppose that the parametrization of the variables a(u), b(u), c(u) diers from a(u),
b(u), c(u). We are going to introduce a new model parameter here for them.
The second set of YBEs (18) gives
a(u; v)c2(u)a2(v) = c(u; v)a2(u)c2(v)− b(u; v)c2(u)b2(v);
−b(u; v)a2(u)c2(v) + c(u; v)c2(u)b2(v) = a(u; v)b2(u)c2(v);
c(u; v)b2(u)a2(v) = −b(u; v)c2(u)c2(v) + c(u; v)a2(u)b2(v): (21)
which diers from the rst set (20) by the transposition 2 of the variables, by displaced
bars from the a(u), b(u), c(u) on to a(v), b(v), c(v) and change of sign b(u; v) ! −b(u; v).
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This last change of the sign comes from the fact that, in the rst set of YBEs (17), the
variables ~b(u; v) stationed in the right side of equations, whilst in the second set (18) - in
the left side.
The solution of the equations (20) is the same as for ordinary XXZ, but we will make
a dierent shifts of the spectral parameters for the a(u), b(u), c(u) and a(u), b(u), c(u).
Namely, if we take
a(u) = sin( +  + u); a(u) = sin( +  − u);
b(u) = sin( + u); b(u) = sin( − u);
c(u) = sin(); c(u) = sin(); (22)
then the solution of (20) for a(u; v), b(u; v), c(u; v) is
a(u; v) = sin( +  − u− v);
b(u) = sin( − u− v);
c(u) = sin(); (23)
where  =  −  and ,  are the new parameters of the model.
As it is well known, the variable
 =
a2 + b2 − c2
ab
= cos  = const (24)
characterize the anisotropy of the product of the spins ~j and ~j+1 in z-direction in the
Heisenberg model.
It is easy to see after simple calculations, that the second set of YBEs (21) is compatible
with the rst set (20) by producing the same solution (23), if we dene the 2 transposition
as follows
a2(u) = sin(−  − u); b2(u) = b(u); c2 = c(u);
a2(u) = sin(−  + u); b2(u) = b(u); c2 = c(u): (25)
Therefore, the formula (22) together with the denitions (19) and (25) denes a solu-
tion of the double set of YBEs (17) and (18). Two new parameters  and  appeared in
the model in addition to  (or ) in the ordinary XXZ-model.
3 The Hamiltonian of the model in free fermionic
case ( = =2)
From now on we will consider only the XX-model.
The prove of existence and the calculation of the local Hamiltonian in our model is easy
to carry out technically in a so called check-formalism, where instead of usual R-matrix,
8







Instead of the operator Raj in (6) let us dene
Rij = ( Rij)
b0a0








which after the fermionization (8) will have the form
Rjk(u) = a(u) [njnk + (1− nj)(1− nk)] + c(u) [nj(1− nk) + (1− nj)nk]
+ b(u)






and where the parameters a(u), b(u), c(u) are dened by formulas (22) for  = =2.

















Then, the full monodromy matrix T (; u) = T0(; u)T1(; u), dened by use of formu-
las (29), can be pictured as in gure 4, which also demonstrates the order of writing of
the operators in the product.
In order to be able to write a local Hamiltonian, it is necessary to have a value
Rij(u0) = Iij: (30)
Then the logarithmic derivative of the transfer matrix at this point will dene a local
Hamiltonian
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Figure 4: Monodromy matrix
Technically, in order to nd a Hamiltonian, one should expand Rij-operators around
u0 and extract the rst order terms over (u−u0) in the product T (; u) = T0(; u)T1(; u).
In ordinary homogeneous case by inputting the rst order expansions of the R-operators
around unity into the product




it is easy to see that there is no scattering between long distance fermions and only the
nearest-neighbour hopping terms are contributing into the Hamiltonian.
In the present model we have a two dierent R-operators in the product (29), only
one of them becoming unity at some point. Let us take u0 = −. Then, by expanding
around the point v =  +u = 0 the R and R operators, dened by formulas (28) and (22)
for the case  = =2, one can obtain
Ri;i+1(u) = Ii;i+1 + (u + )Hi;i+1 = Ii;i+1 + v(c
+





Ri;i+1() + v Hi;i+1; (34)
where  = +; v = u+; Ri;i+1() dened by formula (28) with a() = cos , b() = sin ,
c() = 1 and
Hi;i+1 = sin  [nini+1 + (1− ni)(1− ni+1)]− cos 







It is easy to see in the Figure 4 that, although the Ri;i+1-operators are not unity
at v =  + u = 0, the Hamiltonian will still be local. The scattering in that Ri;i+1-
operators will include into interaction maximum 4 fermions. For example, the excitation
Hamiltonian H23 for the fermions 2 and 3 (see Figure4) due to scatterings in
R12() and
R34() may create the interaction between 1, 2, 3, 4 states only.
Now, by inserting the expressions (33) and (34) for Ri;i+1(u) and
Ri;i+1(u) into the
monodromy matrix T (u) = T0(u)T1(u), in the linear approximation of v = +u we obtain









H2j−1;2j = − tan2 

(c+2j−1c2j+1 − c+2j+1c2j−1) + (c+2jc2j+2 − c+2j+2c2j)

: (37)
The expression (37) shows that we have two types of independent free fermions, hop-
ping separately at the even and odd sites of the chain.
This factorization of the Hamiltonian appeared because we have considered simple
free fermionic case. In other situation, for example for the XXZ-model, this does not
happen and the result contains 4 fermions interacting mutually. This eectively means
that a two-leg ladder type integrable model is produced.
4 Open chain Hamiltonian and boundary terms of
the model in free fermionic case ( = =2)
In this section we follow the approach and the equations of [14, 15, 16, 17] to con-
struct the reflection K-matrix for our model in free fermionic case and calculate integrable
boundary terms for the Hamiltonian.










RL0(u) RL−1;L(u)    R23(u) R12(u)
 K−1 (u) R12(u) R23(u)    RL−1;L(u) RL0(u)

; (38)
where N is the number of chain sites and (u) is dened by the unitarity condition
R(u) R(−u) = (u) = cos2(u) (39)
for the XX-model.
The reflection matrices K(u) (for the right side) and K+(u) (for the left side) have to
obey the reflection equations, the analogues of YBE on the boundaries, in order to ensure
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the commutativity of the double row transfer matrix (38) for dierent spectral parameters.
This, together with the YBE equation, is a sucient condition for integrability. The
reflection equations read
R12(u− v)K−2 (u) R12(u + v)K−2 (v) = K−2 (v) R12(u + v)K−2 (u) R21(u− v) (40)
and
R12(−u + v)K+1 (u) R12(−u− v + )K+1 (v) =
= K+1 (v)
R12(−u− v + )K+1 (u) R12(−u + v) : (41)
After the fermionization (4),(5),(8), the solutions of the equations (40) and (41) have
the following form
K(u) = sin( + u)n + sin( − u)(1− n) (42)
and
K+(u) = − sin(+ − u)n + sin(+ + u)(1− n); (43)
where  and + are arbitrary parameters.
In the present model, since we already have a two-row transfer matrix in the closed
chain case, the open chain transfer matrix contains four rows, with two- normal and two-
backward directions.
Let us dene








K+1 ( + u)T
1
1 ( + u)K1( + u)T
1
1 )
−1(− − u) ; (44)
where K0(u), K1(u), K
+
0 (u) and K
+
1 (u) are dened by equations (42),(43), while T0(u)
and T1(u) are dened by (29) after the shift of the spectral parameter.
Let us emphasize here, that because the boundaries of the T0(u) and T1(u) in (29)
can be dened in a various ways, namely, the beginning and the end of the chain can be
translated by one R-matrix, we will have a variety of boundary transfer matrices. We
now consider only one possible solution.
The boundary transfer matrix (u) can be expressed graphically as in Figure 5.
This way of writing the boundary transfer matrix (u) is not convenient for the calcu-
lation of the Hamiltonian, particularly for the bulk part, but it is convenient to analyze
its commutation properties for dierent spectral parameters. It is clear that the boundary
YBEs (reflection equations) are the same as (40) and (41) for the ordinary case. The ex-
pressions (42) and (43), after the shift of the spectral parameters u ! u+, u ! −u for
the 1 and 0 rows correspondingly, will ensure the commutativity of the boundary transfer




















−1 (− − u)












K+1 ( + u)
(u) =
K1( + u)
Figure 5: Boundary transfer matrix
row in Figure 5 to very top by commuting with T 11 ( + u) and (T
1
1 )
−1(−− u) rows and
bring it to the form, convenient for the calculation of the Hamiltonian:
(u) = tr
K+(u)T0( − u)T1( + u)K(u)T−11 (− − u)T−10 (− + u) : (45)
Here the eective reflection matrices K+(u);K(u) have been introduced and are dened
as follows
K(u) = R(2u + )K1( + u) R()K0( − u);
K+(u) = − R( − 2u)K+1 ( + u) R(−)K+0 ( − u): (46)
In (46)  =  +  and  =  − .














































































































Figure 6: Identity relation for boundary transfer matrix
The equation in Figure 6 is a consequence of the reflection equations (40) and (41).
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Now again, in order to calculate the boundary terms, we should input into the ex-
pression of the boundary transfer matrix (45), as in the case of the bulk Hamiltonian,
the linear expansions of the operators R; R, dened by the formulas (33 - 35) and the
following linear expansions of the reflection K-matrices around v =  + u = 0
Ki(v) = sin  + v cos  [ni − (1− ni)] ;
Ki( − u) = [sin( + )ni + sin( − )(1− ni)] +
+ v [− cos( + )ni + cos( − )(1− ni)] (47)




2H2j−1;2j + HR + HL; (48)
where H2j−1;2j is the bulk Hamiltonian, which have been calculated in the previous section
and given by the formula (37), while the right -HR and the left- HL boundary terms have
the following expressions






































− cot( − )

(1− nN )
− tan2  cot nN−1 + tan2  cot (1− nN−1)− 2 tan ;
HL = −4 sin 
sin  cos 2
= const (49)
It is important to mention that, besides the translation of the boundary of the chain,
there is another possibility for a modication of the boundary transfer matrix (44). We
can take the return paths T−10 (− + u) and (T 11 )−1(− − u) not above the direct chain,
as it was considered and presented in the Figure 5, but below. Then it is not hard to
see that this will interchange the left and right boundary terms (49) in the Hamiltonian.
Finally, there are four integrable models with dierent boundary terms, only one of which
being explicitly written here.
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